
PHYS 526 Problem Set 4

Classical statistical mechanics problem set

(4 Problems, 60 possible points)

Due on: Tuesday, March 24, 5:00 pm

(Return to my mailbox in N212, hand to me personally, or email me TeX’d solutions)

Note: An important part of science is communicating your understanding to
other people. That is to say, a solution that may be technically correct but
which I (the grader) cannot understand is not much better than an incorrect
solution. So, please answer the following questions neatly, clearly, and logically
– Thanks!

Problem 1 (15 points): Microcanonical two-level system

Consider N non-interacting two-state particles (for instance, impurity atoms trapped in a
solid matrix), where each particle has a fixed position (so that they have no kinetic energy,
and they are distinguishable). Each particle can be in either the “spin up”/“excited” state,
which costs energy ε, or in the “spin down”/“ground” state, which costs zero energy. So, at
energy E there are N1 = E/ε excited states.

What is the microcanonical normalization factor, Ω(E,N)? What is the en-
tropy? What is the heat capacity, C = dE

dT
?

Note, by the way, that the heat capacity you derived vanishes extremely quickly
as T → 0. In most materials, the contributions of spins to the heat capacity is
dwarfed by other contributions (e.g., phonons, or conduction electrons in metals).
In some materials, though, one can detect contributions of the form you derived;
the extra contribution is called the Schottky anomaly.

Problem 2 (15 points) Ideal relativistic gas

Consider an extreme, but ideal, relativistic gas composed of N indistinguishable particles
whose kinetic energy per particle is not p2i /(2m) but rather pc. Show that the partition
function in the canonical distribution is

Z(T, V,N) =
1

N !

[
8πV

(
kBT

hc

)3
]N

.

From the partition function you can derive thermodynamic relationships. Show that

PV = E/3, E/N = 3kBT, PV γ = constant.

Note that, given a partition function, one can calculate the density of states g(E), where
g(E)dE counts the number of states in a range dE near the energy E for the system, as the
inverse Laplace transform of the partition function Z(β):

g(E) =
1

2πi

∫ β′+i∞

β′−i∞
eβEZ(β)dβ =

1

2π

∫ ∞
−∞

e(β
′+iβ′′)EZ(β′ + iβ′′)dβ′′,
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where we’re treating β = β′+iβ′′ as a complex variable and, since β′ is positive the integration
path is parallel and to the right of the imaginary axis. For this problem what is the density
of states?

Problem 3 (15 points) Adsorption of surfactant molecules

Dilute solutions of surfactants can be approximated as ideal gases. The surfactant molecules
can reduce their energy by coming into contact with air (or other porous media – such as
polymers and gels – that have an affinity for them), and at a solution-air interface the fraction
of molecules at the surface then behave like a two-dimensional gas. Let’s think about this
dimensionally-dependent problem a bit more

Part A:

Consider an ideal gas of indistinguishable classical particles of mass m in d dimen-
sions, in a uniform external potential of strength εd. What is the canonical
partition function, Zd(N, V, T )? Show that the chemical potential is

µd = −εd + kBT ln

[
Vd
Ndλd

]
, where λ =

h√
2πmkBT

Part B:

Suppose a surfactant lowers its energy by ε0 by moving from the bulk of the
solution to the surface. What is the ratio of particles at the d = 2 surface
relative to the d = 3 bulk?

Hint: it may help to write the d-dimensional grand canonical partition function
Q, and then to use the relation 〈Nd〉 = kBT

∂ lnQ
∂µ

.

Part C:

Gels are typically formed by cross-linking linear polymer molecules together,
and it is often asserted that porous gels should be viewed as having a fractal-like
structure. This suggests viewing surfactant adsorption as a gas in df -dimensional
space, where df is some non-integer dimension. From your result to Part B above,
is it possible to test the above assertion by comparing as a function of temperature
the relative amount of adsorption of (a) surfactants to the gel and (b) surfactants
to the same amount of individual (linear) polymers before cross-linking?

Problem 4 (15 points) A gas of magnetic atoms

Suppose you have an ideal gas of “magnetic” particles that don’t interact with each other but
have a usual kinetic energy and are also coupled to an external potential so that each atom
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can have magnetic potential energy equal to µBH or −µBH, depending on the orientation
of the particle relative to the applied field H.

What is the grand partition function? What is the expression for the mag-
netization of the system? What is the entropy? Also, given your expression for the
entropy, how much heat will be given off by the system if the field were reduced from
H to zero at constant V and constant T?
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